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UNUSUALLY LARGE GAPS BETWEEN CONSECUTIVE PRIMES 

HELMUT MAIER AND CARL POMERANCE 

ABSTRACT. Let G(x) denote the largest gap between consecutive grimes below 
x, In a series of papers from 1935 to 1963, Erdos, Rankin, and Schonhage 
showed that 

G(x) :::: (c + o( I)) logx loglogx log log log 10gx(loglog logx) -2, 

where c = eY and y is Euler's constant. Here, this result is shown with c = 
coeY where Co = 1.31256... is the solution of the equation 4/ Co - e -4/co = 3 . 
The principal new tool used is a result of independent interest, namely, a mean 
value theorem for generalized twin primes lying in a residue class with a large 
modulus. 

1. INTRODUCTION 

Let G(x) denote the largest gap between consecutive primes below x. More 
precisely, for x 2: 2, G(x) := maxps)p' - p), where p, p' are consecutive 
primes. 

Cramer [2] conjectured that lim sup G(X)jlog2 x = 1, while Shanks [15] 
made the stronger conjecture that G(x) ~ log2 x, but we are still a long way 
from proving these statements. Concerning upper bounds, the best that is 
known is a very recent of Lou and Yao [8]: G(x)« x 7/ 13+e for every e > O. 

Since the prime number theorem immediately gives G(x) 2: (1 + 0(1)) logx, 
one might think that establishing the lower bound implicit in Shanks' conjecture 
is not too hard. However, the best that is known is 

(1.1) G(x) 2: (e Y + 0(1)) logx loglogx loglogloglogx(logloglogx)-2 , 

where y is Euler's constant. The result (1.1) is due to Rankin [13] in 1963. 
Erdos [3] had already obtained (1.1) without the loglogloglogx factor and 
with an inexplicit constant factor in 1935. Rankin [12] obtained (1.1) with the 
constant 1/3 in 1938, while SchOnhage [14] in 1963 proved (1.1) with the con-
stant eY /2. Known now as the Erdos-Rankin problem, this paper is concerned 
with improving (1.1). 

All of the cited lower bound attacks on G(x) have done so via the Jacobsthal 
function j(n), the maximal gap between consecutive integers coprime to n. 
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Thus if J(x) := maxn:::;x j(n) , then it is easy to see that for x::::: 7, 

( 1.2) G(x) ::::: J(x). 

Thus (1.1) is shown by proving the same inequality for J (x) . 
From sieve methods it is easy to show that J(x) « (logX)K for some K. 

The best that is known along these lines is J(x) « 10g2 x , a result of Iwaniec 
[6]. 

In this paper we show that if Co = 1.31256... is the solution of the equation 

( 1.3) 

then 

4/ - -4/co - 3 Co e -, 

(1.4) J(x) ::::: (coeY + o( 1)) logx loglogx log log log log x (log log logx) -2 , 

and so, via (1.2), we have the same lower bound for G(x). 
It is disappointing that we are only able to improve on the constant factor in 

(1.1). However, unlike the earlier improvements on the constant factor, which 
essentially just used sharper analytic tools in the basic argument, the proof of 
(1.4) involves a new idea. This idea, if combined with a strong form of the 
prime k-tuples conjecture, supports the assertion 

(1.5) J (x) ::::: log x (log logx )2+o( 1). 

In fact, we conjecture that equality holds in (1.5). This, of course, would not 
contradict Cramer's conjecture, since presumably much is lost in the inequality 
(1.2). 

The prime k-tuples conjecture is itself a generalization of the still unproved 
twin prime conjecture. However, there has been progress on problems of this 
type of a statistical nature. For example, Montgomery and Vaughan [10], using 
a variant of the Hardy-Littlewood circle method, have shown the existence of 
a positive constant J > 0 such that the number of even numbers up to x that 
are not the sum of 2 primes is at most xl-a. Of course, the still unproved 
conjecture of Goldbach is that every even number exceeding 2 is the sum of 
2 primes. The method of Montgomery and Vaughan would also show that the 
number of even numbers up to x that are not the difference of 2 primes below 
2x is at most xl-a. 

The principal technical difficulty in this paper is the establishment of a similar 
result where the primes are restricted to an arithmetic progression. Specifically, 
if T(x, n, I, M) denotes the number of primes p ::; x with p == I mod M 
and p + n prime, then we show there is some absolute constant c l > 0 such 
that 

( 1.6) 
L L max 

/ 
n:::;x M:::;xC] (I, M)=(n+/, M)=l 

n=O mod 2 

QoT(x, n) II p-l 
T(x, n, I, M) - (M) p _ 2 

rp plMn 
p>2 

2 -E «E X (logX) 
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for any E, where p denotes a prime, Q o is the twin prime constant 

(1. 7) 

and 

II p(p - 2) 
Q o := 2 2 = 1.3203 ... 

p>2 (p-l) 

1 
T(x n)'- " , .- ~ logklog(k + n)" 

l<ksx 
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It should be pointed out that Lavrik [7] already achieved a result similar to 
(1.6) but with a much smaller range of the moduli M, too small for our pur-
poses. Our proof follows the general outline of the argument in Montgomery 
and Vaughan [10]. In one respect our task is simpler-we do not need to treat 
a possible exceptional character corresponding to a Siegel zero with any special 
finesse, using only Siegel's theorem. However, in other respects our argument 
is considerably more involved than that of [10]. 

The paper is organized as follows. In §2 we outline the basic argument. §3 
presents a slightly different version of (1.6) and a key consequence. In §4 we 
show how these theorems are used to prove our main result (1.4). §5 cleans up 
some details from §2. The remainder of the paper, §6-12, is used to establish 
the results described in §3. 

Concerning notation, the letter p shall always denote a prime. The letters q 
and r (without a subscript) also represent primes through §5, after which they 
represent natural numbers. 

2. THE BASIC ARGUMENT 

The prime factors of an integer n are said to sieve out a set S if there is 
a residue class ap mod p for each prime pin such that each s E S satisfies 
at least one of the congruences s ::::::: ap mod p. Let j' (n) denote the largest 
integer such that the prime factors of n sieve out {I, 2, ... , j' (n)}. From 
the Chinese Remainder Theorem one easily gets that j' (n) = j (n) - 1. With 
a change of notation from the introduction, our principal result (1.4) follows 
from the following theorem. Let P(x) denote the product of the primes up to 
x. 

Theorem 2.1. With Co given by (1.3), we have 

/(P(x)):2: (coe l + o(I))xlogxlogloglogx(loglogx)-2. 

Indeed, using the prime number theorem in the form log P(x) ~ x, Theorem 
2.1 immediately implies (1.4). 

We now introduce some notation. Let 1 < c' < Co be arbitrarily close to co' 
but fixed. Let c", e be fixed so that 

, 
" c c = -1- < co' -e 

1 
0< e < 2' 
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Let 
, y -2 

V := c e x logx logloglogx(loglogx) , 
z := xjloglogx, 
y:= exp{(l- e)logxlogloglogxlloglogx}. 

To prove Theorem 2.1 it will be sufficient to show that for x sufficiently 
large, the prime factors of P(x) sieve out the integers in [1, V]. We show this 
by choosing 

ap = 0 for every prime p E (y, z], 

a = 1 for every prime p :::; y, p 

and ap "optimally" for every prime p E (z , x]. It is in this last interval that 
our argument parts company from previous attacks. 

We shall call the deletion of the integers in [1, V] that are 0 mod p for some 
p E (y, z] , the first sieving, and we shall call the set of remaining integers in 
[1 , V], the first residual set. Similarly, we call the deletion of the integers from 
the first residual set that are 1 mod p for some p :::; y , the second sieving, and 
we shall call the set of remaining integers the second residual set. The heart of 
our argument will be with the third sieving, or the removal of the integers from 
the second residual set which are ap mod p for some p E (z, x]. We must 
prove that the ap can be so chosen that for x large enough, this third sieving 
can sieve out the second residual set. 

The first residual set is evidently the disjoint union R(l) U R(2) , where R(l) 
is the set of integers in [1, V] divisible by some prime p > z and R(2) is the 
set of integers in [1, V] divisible by no prime exceeding y. 

Let R be the members of the second residual set that are in R(l) and let R' 
be the members of the second residual set that are in R(2)' Thus 

where 

(2.1) Rm := {mp: z <p:::; Vim, (mp-l, P(y)) = I}, 

and 

(2.2) R' := {n :::; V: pin => p:::; y, qln - 1 => q > y}. 

The estimation of IRI and IR'I, where II denotes cardinality, is somewhat 
more difficult than in Rankin [13], but can be handled by standard sieve argu-
ments. In §5 we will show 

, 
(2.3) R ~_C_~_C"~ 

I I 1 - e log x - log x ' 

(2.4) 
, x 

IR 1« l' (logx) +e 



LARGE GAPS BETWEEN CONSECUTIVE PRIMES 205 

To complete the proof we must show that the primes in [z, x] can sieve out 
R U R'. The traditional argument is to use each prime in (z, x] to delete a 
single member of RUR'. Since there are (l+o(I))xjlogx primes in (z,x], 
if we had chosen Co = 1 so that c" < 1, then (2.3) and (2.4) show that this 
strategy will succeed. What we will show below is that for a certain positive 
proportion of the primes in (z, x], we can remove two members of R U R' 
and so we may choose Co somewhat larger than 1. 

If R U R' can be viewed as a random set of residues mod q for each prime 
q E (z, x] and these are "independent events" for the different values of q, 
then we would expect to be able to remove (logX)I+O(I) members of RuR' for 
a positive proportion of these q 'so If such an argument could be made rigorous 
we would have a proof of (1.5). 

However, the set RuR' is not random. For a fixed prime q E (z, x], we do 
not and cannot show there are even two members of R U R' that are congruent 
mod q. In fact, we cannot even show there are two members of the first residual 
set R(l) U R(2) that are congruent mod q (for a fixed q not too close to the 
lower end of (z, x]). What we do show is of a statistical nature: for most 
primes q E (z, x] there are many pairs of members of R that are congruent 
mod q. 

To show that for most primes q there are many pairs of members of R(l) that 
are congruent mod q is standard and follows from the same arguments that 
show the exceptional set in Goldbach's conjecture is small. What is needed now 
though is that a fair number of these pairs (in fact, the expected number) survive 
the second sieving. This can be accomplished by standard sieve techniques once 
one knows that there are the proper number of congruent pairs mod q (for 
most q) that also satisfy a side congruence with a relatively large modulus. 
These results are the new tools we apply to the Erdos-Rankin problem and are 
properly described in the next section. 

3. GENERALIZED TWIN PRIMES IN ARITHMETIC PROGRESSIONS 

Fix some arbitrary, positive numbers A, B. For a given large number N, 
let Xl' x 2 satisfy 

If n is a positive integer, let 

T(n) = {Xl < p ::; x 2 - n: p + n is prime}, 

where, as usual, p denotes a prime. Further, if I, M are positive integers, let 

T(n, I, M) = {p E T(n): p == ImodM}. 

Thus we will only be interested in T( n , I , M) when 

(3.1 ) n == 0 mod 2 , (l , M) = (n + I , M) = l. 
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Let T(n, I, M) = IT(n, I, M)I and let 

A heuristic argument suggests that when (3.1) holds, 

O:oT(n) IT P - 1 
T(n, I, M) ~ (M) ----=-2 

rp plMn P 
p>2 

where 0:0 is given by (1.7). Thus define R(n, I, M) by the equation 

O:oT(n) IT P - 1 
T(n, I, M) = (M) P _ 2 + R(n, I, M), 

rp plMn 
p>2 

and let 
R(n, M) = max IR(n, I, M)I, 

I 

where I satisfies (3.1). Let Z = NCI , where c 1 is a certain absolute, positive 
constant, which will be specified in §9. The major tool that we shall employ is 
the following result. 

Theorem 3.1. For any E > 0 we have 

L L R(n, M) «A,B,E N 2(logN)-E. 
n<N M"'5.Z 

n=Omod2 

Let Y satisfy 1.5 ~ Y ~ ZI/2 and let r = (logZ I/2)/(logY). Let 

S(n, m) = {p E T(n): ((mp - 1)(mp' - 1), P(Y)) = 1, where p' = p + n}, 
S(n, m) = IS(n, m)l, 

where recall that P(t) is the product of the primes up to t. 
In §12 we shall use sieve methods and Theorem 3.1 to prove the following 

result. 

Theorem 3.2. Let D > 0, E > 0 be arbitrary, but fixed. Then for all even 
n ~ N, but for at most O(N(logN)-D) exceptions, we have 

(3.2) 

S(n,m)=O:OT(n) ( IT ~=~) ( IT ;=~) ( IT ;=~) 
pl(n, m) ~1(nm)2-1 pf(nm)3- nm 

p>2 P"'5.Y 
-T -E-I . (1 + O((er) + (logN) + Y 10gN)) , 

for every positive integer m ~ N, m == 0 mod 2. The 0 constants depend only 
on the choice of A, B , D, E . 
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We shall be primarily interested in the special case n = kq , where k is small 
and q is prime. Let A' , B' > 0 be arbitrary, but fixed, and let x; , x; satisfy 

N " "N (3.3) I ~ Xl < X 2 ~ N, X 2 - Xl 2 I. 

(log N)A (log N)B 
If m is an even integer, p is a prime with Xl < P ~ x2 ' and k is an even 
integer, let 

S'(m,p,k)=I{qprime: x; <q~x~,PES(kq,m)}l. 
Also let , L 1 T (p, k) = k . 

I I log u log(p + u) 
Xl <U::;X2 

We have the following result. 

Theorem 3.3. Let D, E, F > 0 be arbitrary, but fixed. Then for all primes p 
with Xl < p ~ x 2 ' but for at most O(N(log N)-D) exceptions, we have (where 
r denotes a prime) 

S' (m , p , k) = a o T' (p, k) (II ~ = ~) (II ~ = ;) 
rlk rtkm 
r>2 r::; Y 

. (1 + O((er)-r + (logN)-E + y-llogN)) 

for all integers m, k with 1 < m ~ N, 1 < Ikl ~ (logN)F, m == k == Omod2 
and (mp - 1, P(Y)) = 1. The implied constants depend only on A', B', D, 
E, F. 

The proof of Theorem 3.3 follows the same lines as that of Theorem 3.2 in 
that it is a routine sieve argument based on a deeper result analogous to Theorem 
3.1. We shall not present the details since the proof would introduce no new 
ideas and, in fact, Theorem 3.3 is not crucial for our major result on large gaps 
between consecutive primes. Indeed, the upper bound sieve immediately gives 
(for Y > 10gN) 

S' (m , p , k) « T' (p , k) (II ~ = ~) (II ~ = ;) 
rlk rtkm 
r>2 r::; Y 

" 2 X 2 -Xl k m « .~~~~ 
log2 Nlog Y rp(k)rp(km) ' 

which would be sufficient for us to show (1.4) for some choice of Co > 1. To 
achieve the value of Co given by (1.3), we use Theorem 3.3. 

4. THE THIRD SIEVING 

In this section we show how the primes in (z, x] can be used to sieve out 
the residual set R U R' left after the second sieving. The idea is to use a certain 
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positive proportion of the primes in (Z, X] to sieve out two residues each from 
RuR'. 

We begin with an ideal situation, which we show later in this section to be a 
good approximation to what really exists. 

Definition 4.1. Say that a graph G is N-colored if there is a function X from 
the edge set of G to {1, ... , N} . 

We think of 1, ... , N as different colors and X(E) as the color of the edge 
E. 
Definition 4.2. Sayan N-colored graph G is K-uniform if KIN and there are 
integers S, T such that 

(i) each color in {1, ... , N} is assigned to exactly S edges of G, 
(ii) for each i = 1 , ... , K and each vertex V in G, there are exactly T j K 

edges E coincident at V with color in ((i - 1)NjK, iNjK]. 
Thus each vertex of G has valence T. 

Theorem 4.1. Say G is a K-uni/orm, N-colored graph with cN vertices, where 
c :::: 1. Then there is a set 0/ B mutually noncoincident edges with distinct colors 
such that 

B> cN (1 _ exp (_~ + _8 )). 
4 c c2K 

Proof. Let S, T be as in Definition 4.2. Let Bl be the largest collection of 
mutually noncoincident edges of G with distinct colors in (0, Nj K]. After 
B 1 , ••• ,Bi- 1 have been chosen and i::; K, let Bi be the largest collection of 
edges of G with distinct colors in ((i - 1)NjK, iNjK] such that the members 
of Bl U ... U Bi are mutually noncoincident. Let Pi be such that IBil = PiN 
and let 

(4.1 ) 

To prove the theorem it will suffice to show that 

(4.2) P> E. (1 _ exp (_~ + _8_)) . 
4 c c2K 

Note that since G has cN vertices, each with valence T, and G has NS 
edges, it follows that 

( 4.3) S = 1cT. 
We next show that for i = 1 , ... , K we have 

( 4.4) 
2T 1 

(P N+,,·+PN)-+PNS> -NS 1 I K I - K . 

Indeed, consider the t N S edges of G with color in ((i - 1) N j K , iN j K] . 
Since Bi is maximal, each of these edges not in Bi is either coincident with 
some member of Bl U ... UBi or is of the same color as some member of Bi . 
Thus each of these tNS - BiN edges is "blocked" for reason of coincidence 
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or reason of color. But an edge E in BI U ... UBi is coincident at each 
one of its vertices with either T / K or T / K - 1 other edges with color in 
((i - l)N/K, iN/K] depending on whether E E BI U··· U B i_ 1 or E E B i . 
Thus each edge of BI U· .. UBi blocks for reason of coincidence at most 2T / K 
edges. In addition, each edge of Bi blocks S - 1 other edges, which have the 
same color. Thus we have (4.4). 

Using (4.1) and (4.3), from (4.4) we have 

(4.5) 4P - 4p. _ ... - 4P + cKp. > c 1+1 K 1-' i = 1, ... , K. 

Using (4.5) with i = K (so that the inequality reads 4 P + cK P K :::: c) , we have 
PK :::: (c - 4P)/cK . By using (4.5) sequentially for i = K - 1 , K - 2, ... , we 
inductively have that 

P . > c-4P (CK +4)} 
K-J - cK cK ' j=O, ... ,K-1. 

Thus from (4.1), 

so that 

( 4.6) 

Since (1 + l/x)x > e l - I /(2x) for x> 0, we have 

( CK + 4)K = (1 ~)(CK/4)4/C (1-2/cK)4/c 
cK + cK > e , 

which when put in (4.6) gives (4.2) and the theorem. 

In our applications the situation is not as ideal as in Definition 4.2 and 
Theorem 4.1. We now give versions, Definition 4.2' and Theorem 4.1' , which 
we can apply directly to our problem. The proof of Theorem 4.1', which 
we omit, may be obtained from the proof of Theorem 4.1 with a few minor 
modifications. 

Definition 4.2'. Let K be a positive integer and let C > 0, a :::: ° be arbitrary. 
Sayan N-colored graph G with M vertices is (K, C, a)-uniform if there are 
numbers S, T, such that 

(i) but for at most aN exceptions, each color in {I, ... , N} is assigned to 
between (1 - a)S and (1 + a)S edges of G, 

(ii) if we let n(V, i) denote the number of edges coincident at the ver-
tex V with color in ((i - l)N/K, iN/KJ, then n(V, i) ::; CT/K for each 
i = 1, ... , K and, but for at most aM exceptional vertices V, we have 
(1 - a) T / K ::; n( V, i) ::; (1 + a) T / K for each i = 1 , ... , K. 

Note that if KIN, then a (K, C, O)-uniform N-colored graph is K-uniform. 
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Theorem 4.1' . Let C > 0, Yf > 0 be arbitrary. There is a number K (C , Yf) 
such that for each integer K 2: K ( C , Yf) there is some a = a (C , Yf, K) > 0 with 
the property that each (K, C, a)-uniform, N-colored graph with cN vertices, 
where c 2: 1, has a set of B mutually noncoincident edges with distinct colors, 
where 

B>(l-Yf)C: (l-exp(-~)). 
It remains to be seen what such a result has to do with large gaps between 

consecutive primes. In the next section we will show (Theorem 5.1) that with 
Rm defined by (2.1), then uniformly for 

(4.7) 1 < m < logx 
- - (loglogx)4 ' 

we have 

( 4.8) U (II r - 2) 1/2 IRml = I -1 (1 + O(exp(-(loglogx) ))), m ogx < r-r_y 
rim 

where r denotes a prime. Define 

a o II r - 1 
r m = m log log x r - 2 

rim 
r>2 

for m even and r m = 0 for m odd. Then a simple calculation from (4.8) 
shows that if m satisfies (4.7), then 

(4.9) IRml = c"r -1 x (1 + O(exp(-(loglogx)I/2))). 
m ogx 

We shall define a graph whose vertex set is Rm' To describe the edges, first 
let 

ko:= II r, 
r<log log log x 

so that for x large we have ko < (loglogx)l+e. Let Q m denote the set of 
pnmes q in the interval 

Note that this interval has length r mX and that the union of these invervals for 
m satisfying (4.7) is 

( ( 1 - L rj ) x, xl c (z' , xl c (z, xl 
js;Jogx/(log!ogx)4 
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for large x, where (cf. (5.2)) 

z' := (4 _ e) x logloglogx. 
loglogx 

Thus the various Qm are disjoint sets of primes in (z', x] with 

(4.10) =r -- 1+0 --x ( (1)) IQml mlog x logx' 

211 

Let G m be the graph with vertex set Rm and such that mp, mp' E Rm are 
connected by an edge if and only if IP' - pi = koq for some prime q E Qm' 
Define the "color" of an edge by the prime q, so that Gm is a IQm I-colored 
graph. 

In the notation of §3, if Xl = Z, x2 = U 1m, then the set of edges of Gm with 
color q corresponds to S(koq, m) . Thus from Theorem 3.2 with N = x logx , 
Y = y, but for 0(xl(logx)2) exceptional primes q E Qm' the number of edges 
of Gm with color q is s(m, q)(l + O((logX)-c l /4)), where 

._ Q o ( U ) ( II r - 1) s(m, q) .- 2 - - koq - z --2 
(log x) m rl(koq,m) r-

r>2 

. ( II ~) ( II ~J r-2 r-2 . 
rl(koqm)2-l rt(koq~~-koqm 

We wish to show that for most primes q E Qm' s(m, q) does not depend 
very strongly on q. To accomplish this, recall the definition of ko' If we define 

we have 
1 L f(q) = Lr 

qEQm r 

f(q) = 

L 
qEQm 

rl(koqm)2-l 

r 
r:<;;(logx)2 

1 

1+ "" ~r 
r>(logx)2 

L 
qEQm 

rl(koqm)2-l 

« L 
r:<;;(logx)2 

r> log log log x 

IQml + "" r mX 
r(r - 1) ~? 

r>(logx)2 

( IQml ) 
= 0 logloglogx . 
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It thus follows that but for o(IQml) values of q E Qm' we have 

s(m, q) = S(m) (1 + 0 COgIO~lOgX) ) , 

where 

S(m) '= a o (U - z) ( II ~) ( II ~) . (logx)2 m r-2 r-2 . 
rl(ko ' m) rtkom 

r>2 r~y 

Let Q~ be the set of primes q such that the number of edges of G m of color 
q lies in the interval 

[s(m) (1 - lOglO~lOgX) , S(m) (l + 10glO~lOgX)] . 
Thus IQ~ I ~ IQm I. Also note that for any q E Qm ' the number of edges of 
Gm of color q is O(S(m)). 

For a given mp E Rm , the number of edges of G m that contain mp is 
exactly, in the notation of §3, 

(4.11) S'(m,p, ko)+S'(m,p, -ko), 

where x;, x~ are the end points of the interval defining Qm' To make sure 
that m(p ± koq) are in the interval (mz, U], we restrict this discussion of the 
valency of mp to those mp E Rm with 

2 2 (4.12) mz + mx(loglogx) :::; mp :::; U - mx(loglogx) . 

Thus from Theorem 3.3 and (4.11) but for O(x/(logx)3) values of mp E Rm 
that satisfy (4.12), there are S' (m)(1+0((logx)-C1/4)) edges of Gm that contain 
mp, where 

S'(m):= 2O:0rmx (II ~) ( II ~). log2 x r - 2 r - 2 
rlko rtkom 
r>2 r~y 

Further if K is an arbitrary, fixed natural number, then but for O(x/(logx)3) 
values of mp E Rm that satisfy (4.12), there are 

1 , -c /4 
K S (m)(1 + O((logx) 1 )) 

edges of Gm that contain mp with color in 

(4.13 ) ((I+(i~I)rm-t.rj)x, (1+ ~rm-Eri)xl 
for each i = 1, ... , K. Also note that even if mp E Rm does not satisfy (4.12) 
or is one of the O(x/(logx)3) exceptions, then we still have that the number 
of edges of G m that contain mp and have color in (4.13) is O( * S' (m)) . 
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Thus, while the graph Gm may not be a K-uniform, IQml-colored graph, it 
is "approximately" K-uniform. That is, but for o(IQml) colors, each color ap-
pears on (1 + o(1))S(m) edges and any exceptional color appears on O(S(m)) 
edges. In addition, for all but o(IRml) vertices, the number of edges contain-
ing it with color in any particular one of K equal subintervals of colors is 
(1 +o(I))kS'(m) and any exceptional vertex is contained on O(kS'(m)) edges 
with colors in that subinterval. 

Thus there is some absolute constant C > 0 such that for any positive integer 
K and any J > 0, the graph Gm is (K, C, J)-uniform for all m satisfying 
( 4. 7), provided x is sufficiently large depending on the choice of K and J. 
It thus follows from (4.9), (4.10), and Theorem 4.1' that for any Y/ > 0, for 
all integers m satisfying (4.7) and for all sufficiently large x depending on the 
choice of y/, G m contains at least 

(4.14) B :=(I-Y/)c"rmx(l_e- 4/ cll ) 
m 410gx 

mutually noncoincident edges. Since c" < Co ' it follows that 

" " 1 c (1 -4/C) " + 4" -e > c , 
so that there is some Y/ > 0 such that 

(4.15) (1 - Y/) (1 + c; (1 - e-4/ CII
)) > c". 

This is the value of Y/ chosen in (4.14). 
The third sieving begins by using at least Bm primes in Qm to sieve out 

at least 2Bm members of Rm as guaranteed above. Since by (4.10) we may 
assume IQml ;::: (1 - y/)rmxjlogx, if we use the remaining primes in Qm to 
sieve out just one member of Rm ' then we can cover at least 

IQml- Bm + 2Bm = IQml + Bm 

;::: (1-y/)rmx (I+ C"(I_e-4/ CII )) 

logx 4 
numbers. But by (4.15) and (4.9), we thus can completely sieve out Rm with 
the primes in Qm. 

We still must sieve out those Rm with m > logxl(loglogx)4 and all of R' . 
From Theorem 5.1 it follows that 

L IR I ~ 3xlogloglogx 
m>logx/(loglogx)4 m logx log log x 

(where, of course, m :::; Viz). Also from Theorem 5.3 we have IR'I « 
xl(logx)IH. However, the remaining primes with which we have left to sieve 
are the primes in (z, z'] and there are 

~ (4 _ e) x logloglogx 
log x log log x 

primes in this interval. Thus we may complete the sieving. 
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5. THE SECOND RESIDUAL SET 

In this section we prove the estimates for IRI and IR'I in (2.3) and (2.4), 
where R, R' are defined in §2. 

Theorem 5.1. With V, z, y as defined in §2, then uniformly for integers 

1 ~ m ~ V (1 __ 1_) , 
Z logx 

we have (where r denotes a prime and Rm is defined in (2.1)) 

IRml = IV (II r - ~) (1 + O(exP(-(1oglogx)I/2))). 
m ogx rS;y r-

r-tm 

Proof. This result follows immediately from Theorem 2.6' in Halberstam and 
Richert [5]. 

Theorem 5.2. With R defined in §2, we have 
, 

c x 
IRI ~ 1 - e logx' 

Proof. Let w = (V/z)(1 - l/logx). First note that 

~ ~ V V (X) L.. IRm I «L.. 1 « -2- = 0 -1 - . 
w<mS;U/z w<mS;U/z m ogx log x ogx 

Thus from Theorem 5.1 we have 

IRI = L IRml + 0 (f--) 
m<w ogx 
21m 

(5.1 ) 
V L 1 II r-2 (X) -1+01-- - --+0--- ( ( )) log X m r - 1 log X 

mS;w rS;y 
21m r-tm 

V (II r - 2) L 1 II r - 1 (X) - 1+01 -- -- - --+0--
- ( ())logx 2<rS;y r - 1 mS;w m rim r - 2 logx' 

21m r>2 

Now 

II ~ = 2 (II~) ( II ~. _r ) r-l r r-l r-l 
2<rS;y rS;y 2<rS:y 

by Mertens' theorem. Also, by standard arguments, 

( 5.2) ~ l II r-l 1 L.. - -- ~ -logw. m r-2 a 
mS;w rim 0 
21m r>2 
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Putting these estimates into (5.1) we have 

IRI (1 (1)) Vlogw ( x ) 
= + a eY logy logx + a logx ' 

which was to be proved. 

Theorem 5.3. With R' defined in §2, we have 
, x IR 1« . (logX)I+e 

Proof. Suppose n E R' and n > xl(logx)l+e . Further suppose n is divisible 
by a prime factor p > yl/2 . Note that the number of n E R' that do not satisfy 
both of these conditions is at most (from de Bruijn [1]) 

x + (V (/2) _ (1 + o(1))x 
(logX)I+e III , Y - (logX)I+e ' 

where lII(s, t) is the number of integers n :S s with p+ (n) :S t and where 
p+ (n) denotes the largest prime factor of n. Thus we may consider only 
values of n E R' of the form mp where p is prime, yl/2 < p :S y, 

x V (5.3) < m < - P+(m) :S y. 
y(logX)I+e - yl/2 ' 

For each m satisfying (5.3) we ask how many primes p :S Vim there are, 
such that (mp - 1, P(y)) = 1 . From Theorem 4.2 in [5] this count is 

V 1m II r V loglogx 
«log(Vlm)logy r-1« mlog2y , rim 

r prime 

since log(Vlm) » logy. Furthermore, from de Bruijn [1], L: 11m where m 
satisfies (5.3) is (logX)-I:(I-I:)-I+O(I). Thus 

, _1:_1:2 -2 -I-I: IR 1« Vloglogx(logx) (logy) +x(logx) 
-I-I: « x(logx) , 

which was to be proved. 

6. PROOF OF THEOREM 3. I-APPLICATION OF THE CIRCLE METHOD 

We apply the circle method of Hardy and Littlewood in a manner that re-
sembles that of Montgomery and Vaughan [10] in many respects. As usual, 
let 

e(t) = e2rril , ek(t) = e(tlk). 

Set (recalling the notation of §3) for any real number 0: 

(6.1) Sf ,M(O:) = L e(po:) , S(o:) = So, 1(0:) = L e(po:). 
XI<P~X2 

p=fmodM 
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Then by orthogonality, 

(6.2) T(n, I, M) = t SI M(o:)S(o:)e(no:) do:. 10 ' 
To dissect the unit interval we now put 

(6.3) P = Z3 = N 3cl, Q = NZ- 3 = N I - 3cl. 

For 1::; a::; q::; P with (a, q) = 1, let 

M(q, a) = [~- q~' ~ + q~] , 

a so-called major arc. Let M be the union of the major arcs and let m be the 
set of those 0: with Q-l < 0: < 1 + Q-l , 0: 1- M. We refer to the connected 
components of m as the minor arcs. 

We now set 

(6.4) 

where 

( 6.5) 

T(n, I, M) = Tl (n, I, M) + T2(n, I, M), 

T1(n, I, M) = i SI.M(o:)S(o:)e(no:) do: , 

T2 (n, I, M) = i SI ,M(o:)S(o:)e(no:) do:. 

It turns out that the minor arc contributions can be considered part of the 
error term. Using Bessel's inequality we have (where T2(n, I, M) is given by 
(6.5) ) 

(6.6) 

::; (max IS(o:)l) 2 t lSI M(0:)1 2 do: 
",Em 10' 

::; (Tl,; IS(o:)l) 2 L 
XI<P~x2 

p=lmodM 

::; (max IS(0:)1)2 N/M. 
"'Em 

To complete the estimate we apply Vinogradov's fundamental lemma in the 
following form. 

Lemma 6.1. Suppose 1 ::; Y ::; Xl/4, 1 ::; q ::; x/y, and (a, q) = 1. Then for 
any real number 0: we have 
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This result follows immediately from Theorem 16.1 in Montgomery [9] by a 
partial summation to remove the A-factor and a second partial summation (as 
in the proof of Corollary 16.2 in [9]) to pass from alq to a. 

By Dirichlet's approximation theorem, for any a there are integers a, q 
with 1 :S q :S Q, (a, q) = 1 and la - alql :S 1/qQ. If a Em, then we may 
assume also that q > P . Thus 

la - alql :S 1/qQ < 11PQ = liN, 

so that from Lemma 6.1 applied to x = x 2 and y = x21 Q and again to x = XI ' 
Y = xIIQ we get 

IS(a)l« JQx2l0g16 X2:S NP- I /2 log16 N. 

Using this estimate in (6.6) we have 

L L I Tz (n , I, M) I 
n<N M<Z 

n=Omod2 -

:S L ( L ITz(n, I, M)12) I/Z ( L 1) I/Z 

M<Z n<N n<N 
- n=OmodZ n=OmodZ 

(6.7) 

« L (N3 M- I P- l log32 N)I/z N I /z 

M~Z 

«NzZI/zp-I/2logI6 N = N ZZ- l log l6 N. 

This estimate shows the minor arcs contribute a negligible amount in Theorem 
3.1. 

7. THE MAJOR ARCS 

We introduce the following notation. For any Dirichlet character X and real 
number a we set 

(7.1 ) S(x, a) = L x(p)e(pa). 
Xl<P~X2 

For positive integers M :S z and q let d = d(M, q) = (M, q), D = 
D(M, q) = [M, q]. If M, q are given, let I, r, a be integers, with (a, q) = 
1, al == r mod d. Let c = c(l, r, a) be defined mod D such that 

(7.2) c == I mod M, ca == r mod q. 

For any character X mod D and any integers a, I with (a, q) = 1, (l, d) = 1, 
we define 

(7.3) Pa I(X) = L e(rlq)x(c(l, r, a)). 
rmodq 
(r,q)=1 

r=almodd 
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We now evaluate the exponential sums Sf M(a) for a = ajq + YJ where 
S a S q S P and (a, q) = 1. We have for I, M satisfying (3.1) and 

sufficiently large N, 

(7.4) 

Sl ,M(a) = L e(pajq)e(pYJ) 

= 

XI <P~X2 
p=lmodM 

L e(sajq) L e(pYJ) 
smodq 
(s,q)=' 

s=fmodd 

L e(rjq) 

XI <P~x2 
p=lmodM 
p=smodq 

rmodq XI <P~x2 
(r,q)=' p=c(l,r,a)modD 

r=afmodd 
L e(rjq)qJ(D)-' L X(c(l, r, a)) L x(p)e(pYJ) 

rmodq 
(r,q)=' 

r=almodd 
XmodD 

= qJ(D)-' L e(rjq) L X(c(l, r, a))S(x, YJ). 
rmodq 
(r,q)=' 

r=almodd 
XmodD 

We now define V(YJ) , W(X, YJ) by 

V(YJ) = L e(mYJ)jlog m, 

S(xo' YJ) = V(YJ) + W(Xo' YJ) (Xo is a principal character), 
S(X, YJ) = W(X , YJ) (X =I Xo)' 

Using this notation and (7.3), in (7.4) we have 
(7.5) 
Sf M(ajq + YJ) = qJ(D)-'V(YJ) L e(rjq) + qJ(D)-' L Pa I(X)W(X, YJ). 

rmodq 
(r,q)=, 

r=almodd 
xmodD 

The first sum in (7.5) may be evaluated as follows. Let b, be the largest 
divisor of q that is coprime to d and let b = q j d. Thus we always have b,lb. 
Let b; mod d be defined by b, b; == 1 mod d. Thus 

L e(rjq) = L eq(alb, b; + sd) 
rmodq 
(r ,q)=' 

r=almodd 
= eq(alb,b;) L eb(s) 

smodb 
(s ,b l )=' 

= { ~(b)ed(alb;), 
0, 

2 I 
= ~(b jb,)ed(alb,). 

if bl = b, 
if b l =I b, 
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Putting this computation into (7.5), we have 
(7.6) 
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S/,M(a/q + to = rp(D)-1 V(t/)f1(b2 /bl)ed(alb~) + rp(D)-1 L Pa,/(X)W(X, t/). 
xmodD 

By specialization to the case M = 1 , we have d = 1 , b = bl = q, D = q , so 
that 

(7.7) S(a/q + t/) = f1((:)) V(t/) + (lq) L x(a)r(x) W(X, t/), 
rp rp xmodq 

where r(x) is the Gaussian sum r(x) = Lhmodq x(h)eq(h). 
We now obtain from (6.5), (7.6), and (7.7) 

(7.8) 

TI (n, I, M) = i S/ ,M(a)S(a)e(na) da 

where 

j
l/qQ 

= L L S/,M(a/q + t/)S(a/q + t/)e(n(a/q + t/))dt/ 
q5,P amodq -1/qQ 

(a,q)=1 
= Tt (n , I , M) + R I (n , I , M) + R2 (n , I , M) + R3 (n , I , M) , 

(7 9) T *( I M)'= "f1(q)f1(b(q)2 /b, (q)) 
. In" . ~ (D( )) ( ) q5,P rp q rp q 

( alb' (q) an) jl/qQ 2 · L e d(lq) + q _ W(t/)I e(nt/) dt/, 
amodq l/qQ 
(a,q)=1 

(7.10) 

RI (n, I, M) := L f1(b~)2 /b l (q)) L L e (a:; (q) + an) 
q5,P rp( (q))rp(q) xmodq amodq (q) q 

(a,q)=1 

j
l/qQ 

· x(a)r(x) V(t/) W(X, t/)e(nt/) dt/, 
-1/qQ 

" f1(q) "" (an) (7.11) R2(n, I, M) := ~ (D(q)) (q) ~ ~ e q 
q5,P rp rp xmodD(q) amodq 

(a,q)=1 

j
l/qQ 

· Pa,/(X) V(t/)W(X, t/)e(nt/)dt/, 
-1/qQ 

(7.12) R3(n,I,M):= L (D(q\) (q) L L e(aqn) 
q5,P rp rp Xl modD(q) amodq 

Xlmodq (a,q)=1 

· Pa,/(X I )X2(a)r(x2) 

j
l/qQ 

· W(X I , t/) W(X2' t/)e(nt/) dt/. 
-1/qQ 
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It turns out that Tt may be considered a main term, with RI ' R 2 , R3 being 
error terms. Let 

(7.13) max IRi(n, f, M)I 
ImodM 

for i = 1 , 2, 3. 
(i, M)=(i+n, M)=I 

8. THE MAIN TERM 

We record the following easy result (see (5.2) in Montgomery and Vaughan 
[10]). Note that we have already tacitly evaluated a similar sum in the calcula-
tion preceding (7.6). 

Lemma 8.1. If q is squarefree, 

cq(m):= L eq(am) = f.l Cq,q m)) qJ((q, m)). 
amodq 
(a,q)=1 

The expression cq(m) is a Ramanujan sum. 
Note that in (7.9) we may assume q is squarefree and so b l (q) = b(q). 

From Lemma 8.1 we have 

L e (a~'~f) + aqn) = L eq(a(lb'(q)b(q) + n)) 
amodq amodq 
(a,q)=1 (a,q)=1 

= cq(lb'(q)b(q) + n) 
(8.1 ) 

= f.l Cq, fb'(qfb(q) + n)) qJ((q, fb' (q)b(q) + n)). 

Now from (3.1), 

(q, fb' (q)b(q) + n) = (b(q), fb' (q)b(q) + n)(d(q), fb' (q)b(q) + n) 
= (b(q), n)(d(q), f + n) = (b(q), n), 

so that (8.1) and (7.9) imply (using qJ(D(q)) = qJ(M)qJ(b(q)) for q squarefree) 
(8.2) 

* 1 "f.l 2(q)f.l(b(q))qJ((b(q), n)) jl/qQ 2 
TI (n, I, M) = (M) ~ ((b() )) (b( )) ( ) W(1])1 e(n1]) d1]. qJ qy f.l q, n qJ q qJ q -1/qQ 

Since 

1 1 1 
W(1])1 « 10 N L e(m1])« le( ) - 1110 N« -II II' g x <m<x 1] g 1] 

1-2 

where II II denotes the distance to the nearest integer, we have 

j l-l/qQ 2 
I V(1])1 d1]« qQ. 

l/qQ 
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Thus 

j l/qQ 2 11 2 
W(17)1 e(n17) d17 = W(17)1 e(n17) d17 + O(qQ) 

-1/qQ 0 

= T(n) + O(qQ). 
Using this in (8.2) we have 

(8.3) T*(n I M) - T(n) L ;/(q)f.l(b(q))rp((b(q) , n)) 
1 " - rp(M) qs,P f.l((b(q) , n))rp(b(q))rp(q) 

+ 0 (~ L rp((b(q) , n))q) 
rp(M) qs,P rp(b(q))rp(q) . 

The error term in (8.3) is of order 
Ql~N L (b(q), n)(q, M) ::; Ql~N L L d1d2 

q~P q d1ln q~P q 
(8.4) dzlMdldzlq 

2 
::; Ql~ N r(n)r(M) ~ N M- 1 p- I/2 , 

where r denotes the divisor function. The sum in the main term in (8.3) is 

t ;/(q)f.l(b(q))rp((b(q) , n)) + 0 (L f.l2(q)rp((b(q) , n))) 
q=1 f.l((b(q) , n))rp(b(q))rp(q) q>P rp(b(q))rp(q) 

= II (1 - 1 2) II (1 +~) + 0 (L (b(q~, n)~q, M)) 
pfMn (p - 1) plMn p q>P f1 (q)rp (q) 

=aopgn;=~ +O(E ?; :i~)) 
p>2 dzlMdld21q 

= a II p - 1 + 0 (r(n)r(M)nM) 
o p - 2 Prp(n)rp(M)' plMn 

p>2 
Putting this calculation and (8.4) into (8.3), we get 

(8.5) TI*(n,I,M)=ao~~) II ;=~+O(NM-Ip-I/2). 
rp plMn 

p>2 

9. THE FIRST MAJOR ARC ERROR TERM 

In this section we show that for any A, B, E> 0, 
(9.1) L R1(n, M) ~A,B,E N(logN)-E, 

M~Z 

where RI (n ,M) is given by (7.13) and (7.10). 

221 
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Recall from §7 that for a fixed M, 

D(q) = [M, q], d(q) = (M, q), b(q) = q/d(q), 

b l (q) is the largest divisor of q coprime to M and 

bl (q)b; (q) == 1 mod d(q). 

Note that the presence of the factor l1(b(q)2 /bl (q)) in (7.10) implies we may 
consider only those q with bl (q) = b(q). Thus 

(9.2) = 

where 

L l1(b(q)) 
q~P rp(D(q))rp(q) 

bl(q)=b(q) 

· L L eq(a(lb' (q)b(q) + n))x(a)r(x) 
Xmodq amodq 

(a,q)=1 

j l/qQ 
· V(t/)W(X, t/)e(nt/) dt/ 

-1/qQ 
'" l1(b(q)) "" --=-L.t (D(q)) ( ) L.t cy(lb (q)b(q) + n)r(x) 
q~P rp rp q xmodq 

bl (q)=b(q) 

j l/qQ 
· V(t/) W(X , t/)e(nt/) dt/, 

-1/qQ 

q 

cx(m) := L x(a)eq(am). 
a=1 

The following generalization of Lemma 8.1 allows us to evaluate cx(m). This 
result is Lemma 5.4 in [10]. 

Lemma 9.1. Let X be a character mod q induced by a primitive character 
X* mod r. For any integer m, cx(m) = 0, unless r(q, m)lq, in which case 

---;;;- ( m) rp(q) (q) * ( q ) * cx(m) = X (q, m) rp(q/(q, m))11 r(q, m) X r(q, m) r(x). 

The case m = 1 is of special interest in Lemma 9.1, giving us the following 
well-known result (see Lemma 5.2 in [10]). 

Lemma 9.2. Let X be a character mod q induced by a primitive character 
X* mod r. Then r(x) = l1(q/r)x*(q/r)r(x*). 

Finally we record the following classical result (see [10, Lemma 5.1]). 
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Lemma 9.3. If X is a primitive character mod r, then Ir(x)1 = vir· 
We now apply these lemmas to (9.2). Note that the condition bl (q) = b(q) 

implies that (b(q), d(q)) = 1 , so that (as in §8) 

(q, lb' (q)b(q) + n) = (b(q), lb' (q)b(q) + n)(d(q), lb' (q)b(q) + n) 
= (b(q), n)(d(q), l + n) = (b(q), n), 

by (3.1). Thus Lemmas 9.1 and 9.2 imply 

I--=-* (lbl(q)b(q) + n) rp(q) 
cy(lb (q)b(q) + n)r(x) = X (b(q), n) rp(q/(b(q) , n)) 

. f1 ('(b(;) , n)) X* ('(b(;) , n)) f1(q/r)x*(q/r)lr(x*)1 2, 

if r(b(q), n)lq and 0 otherwise. Thus from Lemma 9.3, 

Icy(lb'(q)b(q) + n)r(x)1 S q 

and putting this in (9.2), we obtain 

RI (n, M) S L (D(~) ( ) L IJ I
/
qQ 

V(tl) W(X , tl)e(ntl)dtll 
q~P rp q rp q Xmodq -1/qQ 

(9.3) < L q L (J I /
qQ V(tl))2 d tl ) 1/2 

- q~P rp(D(q))rp(q) Xmodq -1/qQ 

. (J I
/
qQ IW(x, tl)1 2 d tl ) 1/2 

-1/qQ 

The first integral on the right of (9.3) may be trivially estimated: 

(9.4) 

If X mod q is induced by the primitive character X* mod r, then W(X, tl) = 
W(X* , tl), so that 

(9.5) (J I
/
qQ IW(x, tl)1 2 d tl ) 1/2 S (J I

/
Q IW(x*, tl)1 2 d tl ) 1/2 := W(X*). 

-1/qQ -I/Q 
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Assembling (9.3), (9.4), and (9.5), we have 

(9.6) 

where 2::* denotes a sum over primitive characters. 
The sum over M and k is easily estimated as follows: 

«logZlog(P/r) L L -d 
2r d1lr d2~Z/dl 

2 "'"' r(r) 3 «log Z log( P / r) ~ 1/ r ::; -r- log N. 
d1lr 

Putting this calculation into (9.6) we obtain 

(9.7) L Rl (n, M)« N 1/ 2 1og3 NL L* r:) W(X). 
M~Z r~Pxmodr 

If 1 < r ::; P and X is a primitive character mod r, Lemma 4.2 in [10] 
implies 

(9.8) 

x(p) 
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Now by partial summation, 

so that 

(9.9) 

max 
O~x~N 

x<p~x+QI2 
XI<P~X2 

X(p) 

1 IX+h I «-1 N max max LX(p)logp, og O~x~N O<h~QI2 x 

N I/2 1 IX+h I W(X)« -1 N max max -h Q LX(p)logp , og O:Sx:SN O<h:SQI2 + x 
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since 1/(h + Q) > 1/2Q. By a similar argument we have for the primitive, 
principal character Xo 

N I/2 1 I x+h I (9.10) W(Xo)« -1 N max max -h Q -h + Llogp . og O~x~N O<h~QI2 + x 

We now quote a result which we shall use in (9.7) for small values of r. 

Lemma 9.4. There is an absolute constant c2 > 0 such that for any E> 0 and 
any nonprincipal character X to a modulus not exceeding (logx)E, we have 

I~X(P)lOgpl «E,e hexp(-(logx)1/4-e) 

for every e > 0 and all h with x l - C2 < h :S x. Moreover, for the same range of 
h we have 

x+h 
'""" 1/4-e L....logp = h(l + Oe(exp(-(logx) ))). 

x 

This result follows from Satz 8.6.2 and the proof of Satz 9.3.2 in Prachar 
[11 ]. 

Applying Lemma 9.4 with E replaced by E + 4, we have from (9.9) and 
(9.10) that 

(9.11) '"""* 1/2 liS L.... W(x)«N exp(-(logN) ) 
I :Sr:S (log N)E+4 xmodr 

provided we choose c l < c2/4. 
We now wish to apply Lemma 4.3 in [10] (which is based on Theorem 7 in 

Gallagher [4]). To use this result we must impose a second restriction on cl . 

Thus for some absolute constant ci > 0 we have (9.11) and, using (9.9), 

(9.12) L L* W(X) «N I/2 , 
I<r~PZ xmodr 

xii. 
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where X is the possible exceptional character (with modulus f). Note that the 
range for r in (9.12) is larger than we shall need in (9.7); however, such a long 
range is needed in the next two sections. 

If X should exist, then (9.8) trivially implies 

(9.13) 

and Siegel's theorem implies 

(9.14) f > (log N)E+4 

for N sufficiently large. 
To complete the proof of (9.1) we use the inequality 

(9.15) r(r) = rO(I). 

Thus from (9.7) and (9.11 )-(9.15), we have 

L RI (n, M) « N exp( _(logN)I/5) 
M~Z 

+ N 1/ 2 log3 N L L* r~2 W(X) 
(logN)E+4 <r~P xmodr 

« N exp( -(10gN)I/5) 

+ N 1/ 2(10gN)-E L L* W(X) 

-E « N(logN) , 

which is (9.1). 

10. THE SECOND MAJOR ARC ERROR TERM 

In this section we shall show that for any A, B, E > 0 , 

( 10.1) L R 2(n, M) «A,B,E N(logN)-E, 
M~Z 

where R 2(n, M) is given by (7.13) and (7.11). 
The following lemma will allow us to estimate the inner sum in (7.11). 

Lemma 10.1. Suppose M, q are natural numbers with q squarefree, D 
[M , q], d = (M, q), b = q / d, and X is a character mod D. If n , I satisfy 
(3.1), then 

L Pa,,(x)eq(an) S br(b), 
amodq 
(a,q)=l 

where Pa ,(X) is defined in (7.3). 
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Proof. From (7.2), (7.3), and Lemma 8.1, we have 

(10.2) 

q 

I: Pa,l(x)eq(an) 
a=1 (a,q)=1 

q q 

I: I: X(c(l, t, a))eq(an + t) 
a=1 1=1 (a, q)=1 I=almodd 

(t, q)=1 
q D 

= I: I: x(s)eq(a(n + S)) 

= 

a=1 s=1 (a, q)=1 s=lmodM 
D I: X(s)cq(n + S) 

s=1 s=lmodM 
D 

I: 
s=1 s=lmodM 

X(S)rp((q,n+s))f.l(( q )). q, n +S 

Note that for s == / mod M 

(q, n + s) = (b, n + s)(d, n + s) = (b, n + s)(d, n + /) = (b, n + s) 

from (3.1). Thus from (10.2) we have 

q D 

I: Pa,l(x)eq(an) < I: (b, n+s) 
a=1 (a,q)=1 

b b 

s=1 s=lmodM 

= I:(b, s):::; I:I:d = I:b = br(b), 
s=1 dlb s=1 dlb dis 

which proves the lemma. 
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U sing the lemma in (7.11) and the kind of calculation as in (9.3 )-( 9.5), we 
have 

b(q)r(b(q)) If l / qQ - I R2(n, M) :::; I: (D()) () I: V(17) W(X, 17)e(n17) d17 
q~P rp q rp q xmodD(q) -1/qQ 

N 1/2 I: b(q)r(b(q)) I: W(X*) 
« logN q9 rp(D(q))rp(q) xmodD(q) 

« N 1/ 2 I: ij) I: W(X*). 
q~P q xmodD(q) , 
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where X* is the primitive character that induces X. Thus 

L R 2(n, m) «N I /2 L L iJ) L W(X*) 
M~Z M~Zq~P q xmodD(q) 

= N I/2 L L W(X*) L L ~qJ 
D~PZ xmodD M~Z q~P 

[M,q]=D 

::; N I/2 L L* W(X) L L L 
r~PZ xmodr u~PZ/r M~Z q~P 

(10.3) [M ,q]=ur 
3 

::; N I/2 L L* W(X) L r ~~r) 
r~PZ xmodr u~PZ 

3 3 
::; N I/2 L L* r Y) W(X) L r ~u) 

r~PZ xmodr u~PZ 

3 
« N I / 2 10g8 N L L* r ;r) W(X). 

r~PZxmodr 

r(q) 
Mq 

Thus using (9.11)-(9.15) (with E + 4 replaced by E + 9) in (10.3), we get 
(10.1). 

11. THE THIRD MAJOR ARC ERROR TERM 

In this section we shall show that for any A, B, E > 0 

(11.1) L L R 3(n, M) «A,H,E N 2(logN)-E, 
n<N M~Z 

n=Omod2 

where R 3(n, M) is given in (7.12) and (7.13). This estimate will complete the 
proof of Theorem 3.1, which is obtained by assembling (6.4), (6.7), (7.8), (8.5), 
(9.1), (10.1), and (11.1). 

We begin with some algebraic manipulations on the inner sum in (7.12). 

Lemma 11.1. Suppose n, I, M satisfy (3.1), q is a natural number, D = 
[M, q], Xl is a character mod D, X2 is a character mod q induced by the 
primitive character X; mod r, and b2 is the largest divisor of q coprime to Mr. 
Then with Pa I(X I ) defined by (7.3) and with 

q 

R:= LPa,/(XI)eq(an)X2(a)r(X2) , 
a=l 

we have R = 0, unless q Ir is squareJree and coprime to r, in which case we 
have 

D L Xl(s)x;(n+s). 
s=l 

s=/modM 
s=-nmodw 
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Proof. From Lemma 9.2 we have 

( 11.2) 

Thus R = 0 unless q / r is squarefree and coprime to r; we now assume q, r 
satisfy these conditions. 

As in the proof of Lemma 10.1 we have (where as usual, d = (M , q)) 

( 11.3) 

q D 

R=L L Xl (c(l, t, a))eq(an + t)x2(a)r(x2) 
a=l 1=1 

I=almodd 
(t, q)=l 

q D 
= L L Xl (s)eq(a(n + s))X2(a)r(X2) 

a=l s=l 
s=lmodM 
D 

L Xl (s)CX2 (n + s)r(X2)' 
s=l 

s=lmodM 

We now use Lemma 9.1 for CX2 (n + s). This expression will be 0 unless 
r(q, n +s)lq. Since q/r is now assumed coprime to r, this condition is equiv-
alent to (r,n+s)= 1. But (3.1) and s=lmodM imply (M,n+s)= 1. 
Thus we need only consider those s in (11.3) with (q, n + s) = (b2 , n + s), 
where, recall, b2 is the largest divisor of q coprime to Mr. 

Thus using (11.2) and Lemma 9.1, (11.3) gives 

R= 
D 

L 
s=l 

s=lmodM 
(q, n+s)=(b2 , n+s) 

. tJ, (r(b2, ~ + S)) X; (r(b2, qn + s)) r(x;)r(X2) 

D 

L 
s=l 

s=lmodM 
(q, n+s)=(b2 , n+s) 

. rp«b2 , n + s))tJ,«b2, n + s))X;«b2, n + s))lr(x;)12 

D 

=r L Xl(s)x;(n+s)rp«b2, n+s))tJ,«b2, n+s)). 
s=l 

s=lmodM 

Note that we may drop the restriction (q, n + s) = (b2 ' n + s) , since if this fails 
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then (r,n+s» 1 and x;(n+s)=O. Thus 

ulb2 s=' vl(b2/u, (n+s)/u) 
s=lmodM 
s=-nmodu 

D 

= r L L f.l(uv)rp(u) L X, (s)x;(n + s) 

D 

s=' 
s=lmodM 

s=-nmoduv 

=rLf.l(w)w L X,(s)x;(n+s), 
s=' 

s=lmodM 
s=-nmodw 

which proves the lemma. 

Lemma 11.2. If n, D, r are natural numbers with riD, X is a character 
mod D, and If! is a primitive character mod r, then S := L~=' x(s)lf!(n + s) 
is 0 unless the conductor of X divides r and the conductor of X If! divides 
r/(r, n) in which case 

lSI::; DJ (r 'r n). 

Proof. Since If! is primitive, we have 

If!(n + s) = r(If!)-' L If!(a)e,(a(n + s)), 
amod, 

so that 
D 

S = r(If!)-' L If!(a) L x(s)e,(a(n + s)) 
(11.4) amodr s=' 

= r(If!)-' L If!(a)er(an)cx (a~). 
amodr 

When (a, r) = 1 we have 

( 11.5) 
D r 

----,- - -- - r (D, aD/r) - (r, a) - , 
so that Lemma 9.1 implies cx(aD/r) = 0 unless (where cond(x) denotes the 
conductor of X) 

( 11.6) D, := cond(x)lr. 
With this assumption, Lemma 9.1 implies 

Cx (a~) = x*(a) ~\~j f.l (;,) X* (;,) r(x*), 

since (11.5) implies 
aD/r 

.,..,--'=-:---:- = a. 
(D, aD/r) 
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Putting this in (11. 4), we have 

( 11. 7) 

r(x*) rp(D) (r) * ( r ) '""" ----;;- _ S = r(-) -(r) f.l D X D L..J X (a)lf!(a)er(an) 
If! rp 1 1 amodr 

r(x*) rp(D) (r) * ( r ) 
= r(lf!) rp(r) f.l DI X DI cx'v(n), 

since (11.6) implies X* If! is a character mod r. 
Let D2 = cond(XIf!) = cond(X*If!). Thus D21r and Lemma 9.1 implies 

c--.-(n) = 0 unless x 'II 

( 11.8) r 
D21-( -). r,n 

Thus S = 0 unless both (11.6) and (11.8) hold, which proves the first assertion 
of the lemma. Further, with these conditions on DI and D2 holding, Lemma 
9.1 implies 

c- n=(f -- 't' (] r(] ( n) rn (r) ( r ) ( r ) 
x·v( ) (r, n) rp(rj(r, n))f.l D2(r, n) D2(r, n) (), 

where (] is the primitive character mod D2 that induces X* If!. Putting this in 
(11. 7), we have 

so that 

lSI < J15;..)15;. D(r, n) < InD(r, n) < DV(r, n) -..;r r - V""'2 r - r' 

using (11.6) and (11.8). This completes the proof of the lemma. 

Lemma 11.3. With R given in Lemma 11.1 and with M, q :::; N, we have 

IRI « Dt (r, M)~r(b2) loglogN 

:::; qr(q)Jr(r, n)loglogN. 

Proof. If wi b2 ' let c' (w) denote that residue modM w with 

c'(w) == I mod M, c'(w) == -n mod w. 
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Thus 

(11. 9) 
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D 

L XI(s)x;(n +s) 
s=1 

s=lrnodM 
s=-nrnodw 

D 

= (Mw) L If/(c'(w)) L If/(s)XI(s)x;(n +s) 
rp \fIrnodMw s=1 

D 

rp(Mw) L lJI(c'(w))L(If/XI)(s)x;(n+s), 
\fIrnodMw s=1 

cond(\fIX\X2)1 (/n) 

using Lemma 11.2 to restrict the sum on If/. Now (b2 , r) = 1, so the number 
of If/ mod Mw with cond(If/XlX2)lr/(r, n) is 

Thus (11.9) and Lemmas 11.1 and 11.2 imply 

IRI :'S r L w rp(~W) (r, M)DJ (r '/) 
wlb2 

« Df/ (r, M)~r(b2) log log N , 

which proves the lemma. 

Using Lemma 11.3 in (7.12), we have 

R3(n, M) « (10glogN)3 L ;~~) L Jr(r, n) 
q~P rlq 

If l
/
qQ I L W(X I , rJ)W(X2' 1J)e(n1J) drJ 

x\rnodD(q) -1/qQ 

X2 rnodq 
cond(X2)=r 

:'S (10glogN)3 L ;~~) L Jr(r, n) L W(X~)W(X;), 
q~P rlq x\rnodD(q) 

X,rnodq 
cond(X2)=r 
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where X~ , X; are the primitive characters that induce X, ' X2' Thus 
(11.10) 

L R3(n, M)« (loglogN)3 L L ;)q) L~ L L* W(Xl)W(X2) 
M5,Z M5,Z q5,P [ ,q] rlq sl[M, q] XI mods 

Now 

X2 modr 

3 
::; (loglogN)3 L T ~) L ~ L* W(Xl)W(X2) 

D5,PZ r,s XI mods 
[r,sIlD X2 modr 

3 
::;(loglogN)3 L L T([r,s]t)~L*W(Xl)W(X2) 

r, s5,PZ t5,PZ/[r, s] [r, S]t XI mods 
X2 modr 

N L: ~:::; L:Vd([:::; Nr(r). 
n$.N dlr 

Thus from (11.10) we have 

L: L: R3(n,M) 
n<N M<Z 

n=Omod2 -
4 3 

~ N(log N)9 L: r (r)r ,)~)(r, s) L:* W(x,) W(X2) 
r,s$.PZ r s XI mods 

X2 modr 

= N(l N)9 "'" r4(r)(r, S)'/4 . r3(s)(r, s)3/4 "",* W( )W( ) 
og ~ '/2 S ~ X, X2 

r,s$.PZ r XI mods 
X2 modr 

:::; N(logN)9 (L: r4,~:) L:* W(X)) 2 

r$.PZ r xmodr 
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We now obtain (11.1) by using in this last estimate (9.11 )-(9.15) (with E + 4 
replaced by 2E + 19) , 

12. PROOF OF THEOREM 3.2 

Let v(n) denote the number of distinct prime factors of n. We begin with 
the following simple corollary of Theorem 3.1. The notation is as defined in §3. 

Lemma 12.1. For any E > 0 we have 

L: L: 6/(M)R(n, M) ~A,B,E N 2(logN)-E. 
n<N M<Z 

n=Omod2 -



234 H. MAIER AND C. POMERANCE 

Proof. Using the trivial estimate R(n, M) ~ N/M, Theorem 3.1 (with E 
replaced by 2E + 36), and the Cauchy-Schwarz inequality, the double sum in 
the lemma is at most 

( )

1/2 ( ) 1/2 

L L 36v (M)R(n, M) L L R(n, M) 
n<N M<Z n<N M<Z 

n=Omod2 - n=Omod2 -

( )
1/2 

~A,B,E N I / 2 L 36v (M) N/M N(logN)-E-18 
M~Z 

2 -E 
~ N (logN) , 

which is what we wanted to prove. 

The proof of Theorem 3.2 will use Theorem 7.1 in Halberstam and Richert 
[5]. Let 

A=A(n, m) = {(mp-l)(mp'-I):P' =p+n,PET(n)}, 

IT p-l 
X = X(n) = DoT(n) p _ 2' 

pin 
p>2 

Let w = wn m be the multiplicative function such that 
2p if p f (n m ) 3 - n m , 

p-2 ' 
p if pl(nm)2 - 1, 

w(p) = P - 2' 
P if pin and p f m , p - 1 ' 

0, if plm, 

and w(pa) = 0 for a > 1. Since both sides of (3.2) are 0 if nm =1= 0 mod 
3, we may assume nm == 0 mod 3 in addition to our usual condition n == 
m == 0 mod 2. Thus 0 ~ w(p)/p ~ 2/3 for every prime p, so that 1 ~ 
1/(1 - w(p)/p) ~ 3. Also, if w, z are any numbers with 2 ~ w ~ z, then 

L w(p) logp < 210g ~ + 0(1). 
w~p~z p - w 

If dIP(Y), let Ad = {a E A: a == 0 mod d}, Rd = IAdl- (w(d)/d)X . 

Lemma 12.2. If dIP(Y), then IRdl ~ 2v (d) R(n, d) + v((nm)2 - 1). 
Proof. We may assume (d, m) = 1, for otherwise Ad = 0 and wed) = 0, so 
that Rd = O. Write d = ejg, where e = (d, n(nm -1)), j= (d, nm+ 1). 
For each natural divisor gl of g, let 

Ad,gl = {(mp - 1)(mp' - 1) E Ad: mp == 1 modegl , mp' == 1 mod jg/gl}' 
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Also, let 
A~ = {(mp - 1)(mp' - 1) E Ad: pl(e, nm - 1) or p'I!}. 

We first claim that the sets Ad, g, and A~ give a disjoint partition of Ad' It is 
easily seen that they are disjoint subsets of Ad' Indeed, since d is square free 
and 
( 12.1) (mp - 1, mp' - 1) = (mp - 1, n), 

it follows that the various Ad g for g,ld are disjoint. Moreover, if pie, then , , 
clearly e f mp - 1; if ill, then If mp' - 1. 

To see that the sets Ad,g, and A~ cover Ad' let (mp - 1)(mp' - 1) E Ad' 
where p' = p + n. We must show that if it is not the case that both elmp - 1 
and limp' - 1 , then either pl(e, nm - 1) or p'l/. Let q be a prime dividing 
e. Then either qln or qlnm - 1. If qln, then (12.1) implies qlmp - 1. If 
qlnm - 1 and q f mp - 1 , then 

o == mp' - 1 = mp + mn - 1 == mp mod q , 
so q = p; that is, pl(e, nm - 1). Thus p f (e, nm - 1) implies elmp - 1. 
Similarly p' f I implies limp' - 1 , for if a prime qll then qlnm + 1 and so 
mp - 1 == mp' i= 0 mod q implies qlmp' - 1. 

Next we note that if I = I (g,) satisfies 
ml == 1 mod e g, ' m(l + n) == 1 mod I g / g, ' 

then (l, d) = (l + n , d) = 1 and 
Ad,g, = {(mp - 1)(mp' - 1) E Ad: p E T(n, l(g,), d)}, 

where T(n, l(g,), d) is defined in §3. Thus 

IAdl- IA~I = L T(n, l(g,), d) 

( 12.3) 

Note that since d is squarefree, 

2v
(g) II E....=J.. - 2v (g) ~II _1 ) ( II _1 ) ~II E....=J..) rp(d) p-2- p-2 p-l p-2 

pldn pld pl(d ,n) pin 
p>2 fn >2 

_ w(d) II p - 1 
- ----;:r- p - 2 . 

pin 
p>2 

Thus from (12.3) and the definition of X, we have 

Rd = LR(n, l(g,), d)+IA~I, 

so that IRdl :::; 2v (g) R(n, d) + IA~I. 



236 H. MAIER AND C. POMERANCE 

It remains to show that IA~I s: v((nm)2 - 1). But this is immediate from 
the definition of A~. This completes the proof of the lemma. 

We now return to the proof of Theorem 3.2 by applying Theorem 7.1 in [5] 
with q = 1, Z = y, ~ = ZI/2, r = log~/log Y . Thus 

(12.4 ) 

S(n, m) ~ X Cu ([ -W~)) ) (l + O((er)-')) 

+ e L 3v (d)IRdl, 
d<Z 

dIP(y) 

where lei s: 1 and the constant implied by the O-notation is uniformly bounded 
as n, m vary. 

Let D > 0 be arbitrary. By Lemma 12.1, the number of even n s: N for 
which 

(12.5) L 6v (M)R(n, M) s: N(logN)-B-£-5 
M~Z 

fails is O(N(logN)-D). So suppose n s: N, n == 0 mod 2 and (12.5) holds for 
n. Then for all m s: N with m == 0 mod 2 and nm == 0 mod 3, we have from 
Lemma 12.2 that 

L 3v (d)IRdl s: L (6v (d) R(n, d) + 3v (d)v((nm)2 - 1)) 
d~Z d<Z 

dIP(Y) dIP(y) 

( 12.6) s: L 6v (d) R(n, d) + v((nm)2 - 1) L 3v (d) 
d~Z d~Z 

-B-£-5 2 «N(logN) + Z(logZ) 10gN 
-B-£-5 « N(logN) . 

Putting (12.6) into (12.4), we have (3.2) for all even n s: N, except possibly 
at most O(N(logN)-D) exceptions, and for all even m s: N with m == 0 mod 2 
and nm == 0 mod 3. Indeed, the only new errors introduced are the product 
of (p - 3)/(p - 2) over primes pl(nm)2 - 1 with p > Y and the product of 
(p - 2)/(p - 1) over primes pl(n, m) with p > Y. The error introduced by 
including these large primes in the products in (3.2) is a factor 1 +O( y- I log N) . 

Finally recall that (3.2) holds trivially if nm =1= 0 mod 3. This concludes the 
proof of Theorem 3.2. 
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